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We consider an arbitrary Gaussian Stationary Process X(T ) with known correlator C(T ), sam-
pled at discrete times Tn = n∆T . The probability that (n + 1) consecutive values of X have the
same sign decays as Pn ∼ exp(−θDTn). We calculate the discrete persistence exponent θD as a series
expansion in the correlator C(∆T ) up to 14th order, and extrapolate to ∆T = 0 using constrained
Pade´ approximants to obtain the continuum persistence exponent θ. For the diffusion equation our
results are in exceptionally good agreement with recent numerical estimates.
PACS numbers: 05.70.Ln, 05.40.-a, 02.50.-r, 81.10.Aj
Persistence of a continuous stochastic process has been
the subject of considerable recent interest among both
theoreticians and experimentalists in the field of nonequi-
librium processes. Persistence is the probability P (t)
that a stochastic variable x(t) of zero mean does not
change sign up to time t. In systems which do not possess
a definite length or time scale, P (t) ∼ t−θ at late times,
where the persistence exponent θ is non-trivial. Sys-
tems studied include reaction-diffusion processes, phase-
ordering kinetics, fluctuating interfaces and simple dif-
fusion from random initial conditions [1]. Experimental
measurements have been carried out on breath figures
[2], liquid crystals [3], soap froths [4], and diffusion of Xe
gas in one dimension [5].
Even for Gaussian processes, few exact results for θ are
known, the random walk and random acceleration prob-
lems being two exceptions [1]. For a general Gaussian
process, the main analytic method is the Independent In-
terval Approximation (IIA) [6,7], which is based on the
assumption that the time intervals between zeros of x(t),
measured on a logarithmic time scale, are independently
distributed. This is the case for Markov processes such
as the random walk, but not for most processes of physi-
cal interest such as simple diffusion from a random initial
condition. Despite this, the IIA gives surprisingly good
results for the diffusion equation when compared with
numerical data [6–8]. However, the IIA method is not
systematically improvable, nor is there a way of estimat-
ing the errors involved in the approximation.
In this Letter we introduce a technique for calculating θ
using a systematically improvable series expansion. This
expansion is motivated by work on “discrete” persistence
[9,10], so a brief explanation of this is necessary. First,
however, let us note that the non-stationary variable x(t)
may be mapped to a Gaussian stationary process (GSP)
for the variable X(T ) = x(t)/
√
〈x2(t)〉 by use of the log-
time transformation, T = ln t. Then the persistence has
the form P (T ) ∼ exp(−θT ) for large T , and the corre-
lator of the GSP, C(T ) = 〈X(T )X(0)〉, is normalized to
unity at T = 0. Discrete persistence addresses the fol-
lowing problem: Although the underlying process gov-
erning X(T ) is continuous, in many experimental mea-
surements of persistence one only samples the process at
discrete times. It is therefore possible that X(T ) may
cross and then re-cross zero between samplings, result-
ing in a false positive classification of the persistence of
X(T ). Such undetected crossings will result in the per-
sistence exponent, θD, of the discretely sampled process
being smaller than the continuum exponent θ. Let us
consider a system that is sampled logarithmically in time
t, and hence uniformly in T , with the spacing between
samplings being ∆T . Let Pn be the persistence probabil-
ity after n samplings. Then for large n, Pn ∼ ρn where
ρ = exp(−θD∆T ) [9]. Notice that for ∆T → 0 we have
ρ→ 1 and θD → θ, while for ∆T →∞ we have ρ→ 1/2
(since the measured values, X(n∆T ), are uncorrelated in
this limit [9]) and hence θD → 0.
In previous work the study of discrete persistence
has been limited to Markovian [9], and “weakly non-
Markovian” [10] processes, where the latter are defined
here as processes which can be written as Markovian in a
finite number of variables. For example, the random ac-
celeration process, x¨ = η(t), where η(t) is Gaussian white
noise, is non-Markovian but can be re-expressed as the
two Markov processes x˙ = v and v˙ = η(t). In practice,
the methods developed in [9,10] become impractical for
more than two Markov processes.
By contrast, the approach developed here can be ap-
plied to any Gaussian stationary process, including those
which are “strongly non-Markovian”, meaning that re-
expressing them in terms of Markovian processes requires
an infinite number of variables. This is the generic case.
Our results show, for example, that the discrete measure-
ment regime employed in the diffusion experiment of ref.
[5] has a negligible effect on the measured exponent.
Our approach is to develop a series expansion for the
quantity ρ = exp(−θD∆T ) in powers of the correlator
between neighboring discrete times, C(∆T ), to give very
accurate estimates of θD for almost all non-zero values of
∆T . Extrapolating the series to infinity using Pade´ ap-
proximants, and imposing the constraint ρ(∆T = 0) = 1,
gives further improvement for the discrete case, and an
estimate of the exponent θ for the continuum limit. Fur-
thermore, for sufficiently smooth processes (which in-
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cludes those described by the diffusion equation), we de-
rive a second constraint, [dθD/d(∆T )]∆T=0 = 0, which,
imposed on the Pade´ approximants, yields very accurate
estimates of θ for diffusive persistence (and presumably
for other sufficiently smooth processes). The results ob-
tained compare favorably with the IIA, and have the
added advantage that by calculating more terms in the
series one may systematically improve the result, while
also providing an indication of the errors associated with
the calculated value of θ.
The expansion starts from the obvious identity
Pn =
〈
n∏
i=1
Θ[X(i∆T )]
〉
(1)
where Θ(x) is the Heaviside step function and the expec-
tation value is taken in the stationary state. One may
write Θ(Xi) = (1 + σi)/2, where σi ≡ sign[X(i∆T )], and
expand the product to give,
Pn =
1
2n

1 + n∑
1=i<j
〈σiσj〉+
n∑
1=i<j<k<l
〈σiσjσkσl〉+ . . .

 (2)
where the terms with odd numbers of σs vanish since the
process is symmetric under X → −X . To evaluate the
terms we use the representation
σl =
1
iπ
lim
ǫ→0
∫
∞
−∞
dzl zl e
izlXl
(zl − iǫ)(zl + iǫ) . (3)
Evaluating the required averages of the Gaussian process
gives the correlation functions appearing in (2):
〈σl1 . . . σlm〉 =
∫ m∏
i=1
(
dzi
zi
)
exp
(
−1
2
zα Cαβ zβ
)
, (4)
where Cαβ = 〈X [α∆T ]X [β∆T ]〉 = C(|α − β|∆T ), and
there is an implied summation over α and β from 1 to
m. Note also that we have already taken the limit ǫ→ 0
in (4), with the understanding that all integrals are now
principal part integrals.
We now expand the exponential in equation (4) in pow-
ers of Cα,β (α 6= β) and leave the terms with α = β unex-
panded (noting that Cαα = 1). By symmetry, only terms
which generate odd powers of every zα in the expansion
(to give even powers overall in the integrand, through
the factors 1/zi) give a non-zero integral. This suggests
a simple diagrammatic representation for the terms in
(2), as given by (4). On a one-dimensional lattice con-
taining n sites, with lattice spacing ∆T , draw m vertices
at the locations l1, l2, . . . , lm. Connect the vertices by
lines in all possible ways (summing over these different
possibilities) subject to the constraint that each vertex is
connected to an odd number of lines. Associate a factor√
2π(p− 2)!! (coming from evaluating the Gaussian inte-
grals) with each vertex of order p, a factor (−Clilj )r/r!
with the r lines connecting site li to site lj, and an overall
factor (πi)−m with the diagram. This suffices to evalu-
ate the integrals in (4). Evaluating the summations in
(2) involves enumerating all configurations of the ver-
tices on the lattice for a given ordering of the points, and
noting that the factor Clilj associated with a given line
is equal to C(q∆T ), where q = |li − lj | is the length of
the line in units of ∆T . The configurations we need to
consider at a given order are determined by noting that
for almost all processes of physical interest (including all
those considered here), the correlator C(q∆T ) decreases
exponentially for large argument. Since our expansion is
a large ∆T expansion, we define C(∆T ) as 1st order small
and C(q∆T ) as qth order small. The order of a diagram
is then equal to the total length of its lines (measured in
units of the lattice spacing ∆T ).
To illustrate this approach we show in Figure 1 all the
diagrams contributing to 〈σiσi+1σi+2σi+3〉 up to 4th or-
der. The first diagram is 2nd order, while the remaining
five are 4th order.
FIG. 1. Contributions to 〈σiσi+1σi+2σi+3〉 up to fourth or-
der.
In Figure 2, we show all the contributions to the term∑n
1=i<j〈σiσj〉 in (2), together with their embedding fac-
tors (the number of ways they can be placed on the lat-
tice), up to third order.
n−1n−2 n−3n−1
FIG. 2. Contributions to
∑n
1=i<j
〈σiσj〉, with embedding
factors, up to third order. Large dots are vertices, small dots
intermediate sites.
Using a computer we have calculated all terms in Pn
up to 14th order. Noting that ρ = Pn+1/Pn (where we
recall that θD = − ln ρ/∆T ), and expanding in powers
of C up to C(14∆T ) and C(∆T )14 (and all intermediate
combinations) gives a series expansion for ρ. To second
order, for example, we obtain [11]
ρ =
1
2
+
C[∆T ]
π
+
C[2∆T ]
π
− 2C[∆T ]
2
π2
+ . . . (5)
The correlation functions for the random walk and ran-
dom acceleration processes in one dimension are [1]
exp(−T/2) and [3 exp(−T/2) − exp(−3T/2)]/2 respec-
tively. Substituting these forms into the expansion for ρ
gives series in a ≡ exp(−∆T/2) to 14th order, the coeffi-
cients of which agree with those obtained by a different
method [10], providing a powerful check of our results.
Figure 3 shows θD against a for the random acceleration
2
problem. Note that the series in a gives diverging results
for a → 1 (∆T → 0). The reason is clear. The relation
θD = − ln ρ/∆T will give θD → ±∞ for ∆T → 0 unless
ρ → 1 in this limit. The latter condition must indeed
be satisfied in an exact calculation, but our finite series
gives a result close to, but not exactly equal to, unity.
To remedy this, we employ a technique commonly used
on series expansions in the field of critical phenomena,
the Pade´ approximant [12]. This extends the accuracy of
the series to larger a (Figure 3), but does not yet elim-
inate the divergence at a = 1. To do this we add an
extra term to the Pade´ polynomial in the numerator (or
denominator) to force the condition ρ = 1 at a = 1.
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FIG. 3. Plot of θD against a ≡ exp(−∆T/2) for the random
acceleration process to 14th order in a. The raw series in a
can be seen to separate at a ≈ 0.75, the unconstrained (6,8)
Pade´ at a ≈ 0.9, while the (8,7) Pade´ with one constraint is
well-behaved up to the continuum limit.
In Figure 3 the unforced (6,8) Pade´ (i.e. a 6th order
polynomial in the numerator, 8th order in the denomi-
nator) and the forced (8, 7) Pade´ are shown. The two
Pade’s are essentially indistinguishable from each other
and from the raw series for a < 0.7. The extrapola-
tion a→ 1, however, required for the continuum limit, is
more sensitive to the choice of Pade´. We typically choose
Pade´s in the range (n − 2, n) to (n + 2, n), i.e. not too
far from “diagonal”, and discard any Pade’s which give
poles on the real a-axis in the interval (−0.5, 1.5). Poles
in (0, 1) are unphysical, and poles close to this interval
can distort the results. The remaining Pade´s are used to
estimate the continuum values – see Table 1. The quoted
errors reflect the scatter between different Pade´s and the
observed (weak) trends as more terms are added to the
series. They remain, however, somewhat subjective.
This completes our general method for finding θD up
to and including the continuum limit. Our final estimate
(Figure 3 and Table 1), θ = 0.2506(5), for the contin-
uum limit of the random acceleration process is in good
agreement with the exact result θ = 1/4 [13].
Pade´1CR Pade´2CR numerical [8] IIA [6,7]
x¨ = η(t) 0.2506(5) ———– 1/4 (exact) 0.2647
1-d diff 0.119(1) 0.1201(3) 0.12050(5) 0.1203
2-d diff 0.187(1) 0.1875(1) 0.1875(1) 0.1862
3-d diff 0.24(3) 0.237(1) 0.2382(1) 0.2358
Table1. Continuum persistence exponent θ for the random ac-
celeration process, and the diffusion equation for d = 1, 2, 3.
The first two columns are the mean and standard deviations
of the Pade´ estimates (with 1 and 2 constraints) from the 4
highest orders of the expansion.
We now consider the simple diffusion equation,
∂φ/∂t = ∇2φ, where φ(x, t) is the diffusion field and the
initial condition φ(x, 0) is taken to be Gaussian white
noise with zero mean. We consider the persistence of
φ(0, t), the field at a single site which we can take to
be the origin. On changing to log time, the normal-
ized correlator is C(T ) = sech(T/2)d/2 in d dimensions
[6,7]. Substituting this form into our expression for ρ,
and expanding as before in powers of a ≡ exp(−∆T/2)
(d = 2) or a ≡ exp(−∆T/4) (d = 1 or 3), we obtain an
expression for θD as a power series in a. Note that since
C(T ) ∼ exp(−dT/4) for T → ∞, these definitions of a
for d = 1, 2, 3 imply that the leading term in the expan-
sion is of order a for d = 1, 2, but of order a3 for d = 3.
Hence an expansion to “14th” order means to order a14
for d = 1, 2 and a42 for d = 3. The reasoning behind
these definitions of a is to ensure that, in each case, ev-
ery term in the expansion contains only integer powers
of a, since this greatly simplifies the Pade´ analysis.
The results for d = 1 are shown in Figure 4. Simi-
lar plots are obtained for d = 2 and 3. As before, we use
Pade´ approximants to improve the series and constrained
Pade´ approximants (forcing ρ = 1 at a = 1) to enable us
to approach the continuum limit a = 1. Estimates for
the continuum persistent exponents are given in Table 1,
where “Pade´1CR” indicates that we have imposed one
constraint on the series, as discussed above.
While this approach already gives rather accurate re-
sults for the continuum limit (see Table 1), for the case of
the diffusion equation (and other sufficiently smooth pro-
cesses) a further refinement is possible, leading to even
more accurate results. To see what we mean by “suf-
ficiently smooth”, consider the short-time expansion of
the correlator C(T ). For the random acceleration pro-
cess it has the form Cra(T ) = 1 − b2T 2 + b3T 3 − · · ·,
while for the diffusion equation one obtains Cdiff (T ) =
1− b2T 2+ b4T 4− · · ·. The presence of an odd (or nonin-
teger) power implies nonanalyticity at T = 0 since C(T )
must be even in T (i.e. T 3 actually means |T |3). For pro-
cesses having a C(T ) with a small-T expansion like the
diffusion equation (i.e. sufficiently smooth), there is an
additional constraint on the series.
3
0 0.2 0.4 0.6 0.8 1
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0
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FIG. 4. Plot of θD against a ≡ exp(−∆T/4) for the
one-dimensional diffusion equation to 14th order in a. The
raw series in a begins to separate at a ≈ 0.85, the uncon-
strained Pade´ at a ≈ 0.9. Both constrained Pade´s are well
behaved up to the continuum limit, the more accurate (upper)
curve being obtained with two constraints.
Let P1(T ) be the probability distribution of the in-
tervals between zero crossings of X(T ). With the as-
sumption that these intervals are independent (the IIA),
it is easy to show that P1(T ) → αT for small T for
processes described by Cdiff (T ). Indeed, this can be
proved exactly, and even the coefficient α is given cor-
rectly by the IIA [14]. Now consider the discrete per-
sistence, PD(T ), close to the continuum limit (∆T ≪ 1).
The first correction to the continuum persistence P (T ) is
from paths for which X(T ) is positive at all times apart
from one double crossing between samplings. In this limit
we can use the IIA to estimate PD(T ). For ∆T → 0
we have PD(T ) = P (T ) + Prob(1 double crossing). Us-
ing the IIA and making use of the result P1(T ) ∝ T
for small T , it is straightforward to show that PD(T ) =
Ae−θT (1 +Bn∆T 3) +O(∆T 4) where A and B are posi-
tive constants. Thus, using T = n∆T , we find PD(T ) =
A exp−T [θ−B∆T 2+O(∆T 3)], to give θD = θ−B∆T 2+
O(∆T 3) and so (dθD/d∆T )|∆T=0 = 0. By adding one
more term to the Pade´ to enforce this constraint we
achieve improved results (see Table 1, Pade´2CR). The
same calculation for the random acceleration process, for
which P1(0) 6= 0, gives θD = θ − B′∆T + O(∆T 2) and
(dθD/d∆T )|∆T=0 = −B′ 6= 0.
From Table 1 (Pade´2CR) we see that the series ex-
pansion gives very accurate results. Although the IIA
is slightly better for diffusion in d = 1, the present ap-
proach is more accurate for other values of d (and can
be improved by adding more terms). For discrete per-
sistence, the measurement regime employed in the ex-
periments on one-dimensional gas diffusion [5] is equiva-
lent to ∆T ≈ 0.24, i.e. a ≈ 0.94. For this value we find
θ− θD ≈ 10−4, which is negligible compared to the error
quoted in [5].
An obvious question concerns the convergence of the
estimates for the continuum persistence exponent θ with
increasing order, N , of the expansion. In figure 5 we plot
θ against 1/N , for diffusion in d = 1, 2, 3 (for d = 3, we
define N as the highest power of a3 retained, as discussed
above). No systematic trend is observable at large N .
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FIG. 5. Plot of θ against 1/N , where N is the order of the
expansion, for the diffusion equation in d = 1, 2, 3 (bottom to
top).
All the Pade´s (with 2 constraints) satisfying the cri-
teria discussed above are plotted, so there is often more
than one point for a givenN (though these are sometimes
so close as to be indistinguishable on the plot). For rea-
sons we do not fully understand, the d = 3 data are more
erarratic than for d = 1, 2, which accounts for the rela-
tively large uncertainties quoted in Table 1. Note that
we cannot go to such high order in d = 3, due to the dif-
ficulty of computing the coefficients for the constrained
Pade´s for series up to a42. Instead we stopped at a29. For
d = 1, 2, by contrast, the estimates are quite steady as a
function of N , though further work is needed to clarify
the precise nature of the convergence with increasing N .
In summary, we have developed a powerful series ex-
pansion technique for calculating persistence exponents
of non-Markov processes, providing accurate estimates
of discrete persistence exponents for any Gaussian sta-
tionary process. Using constrained Pade´ approximants
to extrapolate the series to the continuum limit, we have
achieved accurate estimates of the persistence exponent
θ for the diffusion equation. The results compare favor-
ably with those computed using the IIA, and are sys-
tematically improvable by calculating more terms in the
expansion.
This work was supported by EPSRC (UK).
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Appendix
We display below the complete 14th order expansion for ρ, with the compact notion cn ≡ C(n∆T ).
ρ = 1
2
+ c1π −
2c2
1
π2 +
c2
π +
8c3
1
π3 +
c3
1
6π− 6c1c2π2 + c3π −
40c4
1
π4 +
c4
1
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40c2
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c2
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